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Doubly universal Taylor series on 
simply connected domains 

N. Chatzigiannakidou and V. Vlachou 


Abstract 

In this article we deal with the existence of doubly universal Taylor 
series defined on simply connected domains with respect to any center 
and we generalize the results of G. Costakis and N. Tsirivas for the 
unit disk. 0 


1 Introduction 

Let C C be an open set. We denote by H{Q) the space of fnnctions, 
holomorphic in endowed with the topology of nniform convergence on 
compacta. Moreover, for a compact set A C C, we denote 

A{K) = {g E H{K°) : g is continnous on K} 


and 

A4 = {K C C : K compact set and connected set}. 

Let Co £ It is well known that a fnnction / G H{Q), has a Taylor expansion 
aronnd Co; which is valid inside the disk of convergence. 

If we denote by = J2n=o nf°'^ (^~Co)”'; iV = 1, 2,... the partial sums of 
the Taylor expansion of / around Coi then this sequence of polynomials may 
have very strong approximation properties outside 12. To be more specihc, 
let us give the dehnition of universal Taylor series, as given by V.Nestoridis: 
A function / G H{Q) is said to belong to the collection 17(f2,Co) of func¬ 
tions with universal Taylor series expansions around Co, if the partial sums 
{SN{f,Co){z), N = 1,2,...} are dense in A{K), for every K E M. disjoint 
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from f2 (the topology of A{K) is induced by the norm \ \g\\K = max \g{z)\). 

z£K 

V. Nestoridis 13. IE] has shown that U{fl, Co) 7 ^ 0, for any simply connected 
domain hi and any point Co ^ la particular, he showed that the collection 
f/(r2,Co) is a dense, Gs subset of the space H{Q). 

Recently, G. Costakis and N. Tsirivas in [3] worked for G = © (the open 
unit disk) and introduced a stronger notion of universality with respect to 
Taylor series. Let us give the definition of their class. 

Definition 1.1. Let (A„) be a strictly increasing sequence of positive in¬ 
tegers. A function f G H(B)) belongs to the class Uct(J^, i^n)) if the set 
{{Snif, 0)(^), SxMy 0)(2:)), n = 1, 2,...} is dense in A{K) x A{K), for ev¬ 
ery K E M. disjoint from ©. Such a function f will be called doubly universal 
Taylor series with respect to the sequences {n), (An)- 

G. Gostakis and N.Tsirivas proved that the class [/ct( 1®, (An)) is non¬ 
empty, if and only if, limsup — = -|-cxo. 

n n 

We study a class of functions, with even stronger approximation properties. 
Namely, 

Definition 1.2. Let (An) be a strictly increasing sequence of positive integers, 
G a simply connected domain and Co £ G. A function f G H(Q) belongs to 
the class Gcv(G, (An), Co) if {(Sn(fXo)(z), SxMXo)(z)), n = 1 , 2 ,...} is 
dense in A(Ki) x A(K 2 ) for every pair of sets Ki, K 2 G Ai, disjoint from 

n. 


We improve the method used in [3] in order to obtain the result for dif¬ 
ferent compact sets Ki,K 2 and we also overcome some technical difficulties 
to generalize it to any simply connected domain G. Our main result is again 

that f/cv(G, (An)) is non-empty, if and only if, limsup — = -|-oo. 

n n 

For analogous results in other type of universalities we refer to |1], [2]. The 
article of G. Gostakis and N. Tsirivas has complete bibliography on the sub¬ 
ject, which features the motivation for investigating such questions. 


2 The positive result 

Let K, L be compact sets and / : IF —>■ C be a continuous function 
defined on K. 

Let p be a polynomial. We denote by degp the degree of the polynomial 
i.e. the highest degree of its terms and by deg~p the lowest degree of its 


2 


(non-zero) terms. Then for any choice of integers n > m > 1 we use the 
notation: 


dn,m(,f,K,L) = inf{max{||/ ||p||l} : p polynomial such that 

deg~p > m and degp < n}. 

The following proposition is crucial for our result. It is a slight modihcation 
of the corresponding proposition in [3]. 

Proposition 2.1. Let K,L E M. be two disjoint compact sets such that 
0 G L°. Let, in addition, and {cr„}neN be two sequences of positive 

Tn 

integers such that - > -|-oo and U C C open, K C U. Then there exits 

9 G (0,1) such that for every function f holomorphic in U 

limsupd^„,„„(/,i\:,L)^ <9. 

n 

Proof. It is similar to the proof of theorem 2.1 in [3]. □ 

Theorem 2.1. Let Q be a simply connected domain and Co G 12. Con¬ 
sider (An)neN a strictly increasing sequence of positive integers such that 

limsup — = -l-cxD. Then the set Ucv{^, (An), Co) is Gs and dense in if ( 12 ). 

neN n 

Proof. Let {fj)j^fq be an enumeration of all polynomials with coefficients in 
Q -|- zQ and let {Km)mm be a sequence of sets in A4, disjoint from 12 such 
that the following holds: every non-empty compact set K C C \ 12, having 
connected complement, is contained in some (for the existence of such a 
sequence we refer to 0 ). 

For any positive integers rui, m 2 , ji, j 2 , s, n, we denote by E{mi, m 2 , ji, J 2 , s, n) 
the set 

E(mi,m2, ji, j2,s,n) = 

{/ 6 H{a) : ||S„(/,C„) - 4IU„. < 2 and ||Sa.(/.Co) - < (l- 

Using Mergelyan’s theorem it is easy to prove that 

i/cy(12, (A„), Co) = n U E(mi,m2,ii,j2,s,n). 

mi,m2 ,ii,i 2 ,sSN nSN 

(see for example similar proof in [3]). 

Moreover, for every mi,m 2 , ji, j 2 , s,n G N the set E{mi,m 2 , ji, j 2 , s,n) is 
open (see for example 0 )- 
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Therefore, in view of Baire’s Category theorem, it suffices to prove that for ev¬ 
ery choice of positive integers rui, m 2 , ji, s the set U 

n£N 

is dense in 

Fix mi, m 2 , ji, j 2 , s G N. Let £ > 0, L C be a compact set and g G H{Q). 
Without loss of generality,we may assume that Co £ L° and that the compact 
set L has connected complement (note that hi is simpply connected). 

We will prove the existence of a funtion / G H{fl) and an n G N, such that: 

• sup|/(z) -g{z)\ <e 

zGL 


• sup |5„(/,Co)(^) - /ii(^)| < 


1 

s 


• sup |^aJ/,Co)(2 :) - 

zeKm2 ^ 


First, we apply Runge’s theorem to find a polynomial p such that 
sup \p{z) -g{z)\<^ and sup \p{z) - fj,{z)\ < 

zeL Z Z&Krr,^ ZS 

Since limsup — = -fcxo, there exists a strictly increasing sequence of positive 


integers 


such that —^ —)■ -|-oo. Thus, 
Pn 


——)• -|-cx), as n ^ -l-cxo. 
hn + 1 


It is easy to see that the sets Km2 ~ Co = — Co, Vz G Km^} and L — Co = 

{z —Co, Vz G L} are compact, disjoint and they have connected complements. 
Applying proposition 12.11 we have that: 


1 

limsup[dA^„,/,^+i(/j 2 ( 2 ; + Co) - + Co), - Co, A - Co)] < 0 , 

n 


for some 6 G (0,1). 

Therefore, there exists iV G M such that: 

[dA^„ ,/.„+! (/i2(^ + Co) - p{z + Co), Km2 - Co, A - Co)]^ < ^, n>N. 

Thus, we may choose a sequence of polynomials P„, n > N, with deg~Pn > 
Pn + ^ and degPn < A^„ such that 

sup |/j 2 {z + Co) - p{z + Co) - Pn{z) I < and sup \Pn{z)\ < . 

ZGKm 2 ~Co Z^L — (^Q 
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Let us fix uq G N, no > iV such that fino ^ degp{z) and < min{ 

We set f{z) = Pnoiz - Co) +p{z). 

Then 


£ 1 
2 ’^ 


}• 


S^.„oif^(o){z) = Co){z) =p{z). 

Also, 

Sx,„^ifXo)iz) = fiz). 

Thus, 


sup|/(^) -g{z)\ = sup \Pno{z-Co) +p{z) -g{z)\ < 

zGL zGL 

< sup |P„o(2: - Co)| +sup \p{z) -g{z)\ = 

zGL z^L 

sup \Pnoiz) \ + sup \p{z) - g{z)\ < + - < £, 

z^L —^0 z^L ■" 


sup \S^,^^{f,Co){z) - fn{z)\= sup \p{z) - fj^{z)\ < ^ < e, 
z£Km^ z£Km^ zs 

sup |-^A^„,(/,Co)(^) - fj 2 i.z)\ = sup \Pn^{z - Co) +v{.z) - fj^{z)\ = 

Z^Km2 Z^I'CrYi2 

= sup \Pno{z) + p{z + Co) - fj 2 {z + Co)| < < e. 

Z^Krn2 Co 

The function / satishes all the requirements and the result follows. 

□ 


3 Negative Result 

In this section we will use the notation Uct{^, (An)) for the correspond¬ 
ing class of G. Costakis and N.Tsirivas in any simply connected domain G. 
Obviously Ucv{^, (An)) C Uct{^, (An))- So, in order to prove that the class 
UcviS^) (An)) is otherwise empty we will prove the stronger result that the 
class Uct{^, (An)) is empty. For this we need the following result of J.Muller 
and A. Yavrian in [1]. 

Theorem 3.1. (Muller— Yavrian) Let T be a compact and connected subset 
ofC, but not a singleton. Let E G C be a closed set such that E is non-thin at 
oo. Also suppose (Pn) to be a sequence of polynomials with deg Pn < dn, for 
some increasing sequence of positive integers {dn) and having the following 
properties: 
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(a) there exists a function / : F ^ C with 

limsup 11/ - PnWr"^" < 1, 

n^+oo 

(/9) for all z E E 

limsup IPn< 1- 

n^+oo 

Then the following statement is true: 

{i) if the sequence {dn+i/dn) is bounded, then f extends to an entire func¬ 
tion and for every compact set K C C we have 

limsup 11/ - PuUk'^" < 1, 

n^+oo 

(a) if, for arbitrary {d^), the function f is analytic on F, then f extends to 
a holomorphic function having a simply connected domain of existence 
Gf C C (Gf denotes the unique largest domain on which f extends as 
a holomorphic function; observe that Gf exists in this case) and for 
every compact set K <Z Gf we have 


limsup 11 / - Pnllx"^" < 1 - 

n^+oo 


Theorem 3.2. Let Q, C C be a simply connected domain and Co £ 

If (An) is a strictly increasing sequence of positive integers such that 

limsup — < +CXD, then (An), Co) = 0- 

nEN ^ 


Proof. Assume first that is not bounded. Arguing by contradiction, sup¬ 
pose that there exists / G PcT(f^, (An), Co)- Since the sequence (—)nGN is 

A ^ 

bounded, there exists C > 0 such that — < C, for every n E N. 

n 


We consider the sets 


= (P(Co, n P(Co, 2^ + n), n = 1, 2,... 

(we denote by D{z,r) the open disk of center 2 ; and radious r). 

Without loss of generality, we may assume that P„ 7 ^ 0, n > 1 , since this is 
eventually the case anyway (or by choosing suitable C > 0 ). 

For every n G N, it is easy to see that the set En C is closed and bounded, 
thus is compact. Moreover, each En has connected complement. To see this 
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note that U D{(q, 2^) U D{(q, 2'^ + n) , Co ^ ^ hi -D(Co 5 2*") and ^2 is 

nnbonnded. 

Let E = = r2'^ n -D(Co, 2^y. Since is connected, it is non-thin at oo 

nGN 

(see page 79 theorem 3.8.3 in [7j ). Becanse thinness is a local property (see 
dehnition page 79 in [7j), E is also non-thin at cxo. 

Now we nse the fact that / belongs to the class Uct{^, (An), Co); to fix 
an rii G M, snch that 


snp |^ni(/,Co)(^)| < and snp (/, Co)(2:) - l| < 

,ii/i-u7‘oi ^ zeEiU{i+Co} ^ 


Thus, 


sup I (/, Co) (z) - 5ni (/, Co) (^) - 11 < 

zGEiUjl+Co} 


< sup |^ni(/,Co)(^)| + sup |*5 a„i(/,Co)(^) - l| < ^ 

2 :E£^iU{ 1 +^o} ■ 2 G£?iU{ 1 +(^o} ^ 

For every z G C, we set 

Sa„,(/,Co)( 2) - S„.(/,Co)(z) = (z - Co)”‘ + 'n(z), 

where Pi is a polynomial with 

deg Pi < Ani - (ni + 1) < A^ - rii = ni ~ ~ 

Consequently, 


sup |(;2 -Co)”^+'A(^)-1| < 
2GEiu{i+Co} 

Also, since 2 ; G F'l implies that 1 2 ; — Col > 2^ we have: 

1 


2 ^' 


< 


sup I Pi (z) I < sup — 

z&Ei zeEi I [Z — ^Oj 


snp\{z-Cor+^Pi{z)-l\ + l] < 


ni + l I 


snp\{z-Cor+^Pi{z)\< 


z£Ei 


2C(ni+l) 


2 GE 1 


2C(ni + l) I 2 ^ 


7271 + 1 = 


1/1 1 A 1 

+ — I < 


2C'ni I qc 20” / 2^’”'!' 

Repeating the above argument, we fix an n 2 G N, with n 2 > ni, such that 
sup |5n2(/,Co)(^)| < and sup |^a„,(/, Co)(^) - ij < 


zGEaUjl+Co} 


zGE2U{1+Co} 


2C+2- 
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As before, we set 


Sa„,(/.Co)W-S„,(/,Co)W 

Then P 2 is a polynomial of degree less than n 2 {C — 1). 
Moreover as before, 


sup 1 ( 2 : 
26 £; 2 u{i+Co} 


- 1 | < 


1 

2 ^‘ 


And, 


sup \P 2 {,z)\ < 

Z&E 2 


1 

n2 ■ 


Proceeding inductively, we conclude that for every A; G N, there exists rik G N, 
with Uk > Uk-i and polynomial Pk, degPk < Cuk such that 


sup 1 ( 2 ; 
26 -EfeU{l+fo} 


- 1| < 55^ 


( 1 ) 


and 

Let z E E. Then 

limsup \Pk{z)\^^^^'" < lim - = 

/c —>00 k^OQ 2 2 

(Note that, {En)n(m is an increasing sequence of compact sets.) 
Also, since sup |Tfc( 2 :)| < sup \Pk{z) \ < ——, for every k eN 

z€Ei zdEk ^ 


sup 

zeSfc 


\Pk{z)\ < 


2Cnk ' 


( 2 ) 


/ 1 \ -| 

limsup < ^Ito (^) = - < 1. (3) 

Therefore, we may apply the theorem Muller — Yavrian, to a compact and 
connected subset T of Ei (containing more than one points), the closed set 
E, which is non-thin at 00 , the sequence of polynomials Pk, dk = CUk, 
k E N, and the function / = 0. From inequalities ([ 2 ]), ([3]), we observe 
that the conditions of the theorem are fulfilled. Since the function / = 0 is 
entire, it follows that Pk —)• 0, uniformly on all compact subsets of C. In 
particular, Pk{l + Co) —>■ 0, as A: —)■ cx). On the other hand, ([I]) implies that 









Pfc(l + Co) —)■ 1, as /c —)■ cxD, which is a contradiction. As a result, in case that 
n is not bounded, the class Uct{^, (An), Co) is empty. 

Now if the set hi is bounded, then hi U D{(o,2^') C D{0,N), for some 
N E N. One can apply the previous procedure for the compact sets En = 
[A^ + 1, + n], for n > 1 and the result follows. 

□ 
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